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Let y|X ∼ N (XT β, σ2), β ∈ Rp and assume that we want to
maximize the log-likelihood subject to some linear conditions,
that is, we want to maximize:

ℓ(β, σ2) = − 1
2σ2 (Y − Xβ)T (Y − Xβ) − n

2 log(σ2)

subject to Kβ = m

where K is a q × p matrix of range q, q ≤ p.

The Lagrange function is given by

L(σ2, β, λ) = − 1
2σ2 (Y−Xβ)T (Y−Xβ)−n

2 log(σ2)−λT (Kβ−m)
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Let be β̂R and σ̂2
R the values that maximize the log-likelihood

and satisfy the restrictions.These values must satisfy

∂L

∂σ2

∣∣∣∣(σ̂2
R,β̂R,λ̂)

= 0,
∂L

∂β

∣∣∣∣
(σ̂2

R,β̂R,λ̂)
= 0, and ∂L

∂λ

∣∣∣∣(σ̂2
R,β̂R,λ̂)

= 0

Thus,

∂L

∂σ2

∣∣∣∣(σ̂2
R,β̂R,λ̂)

= 0

⇔ 1
2σ̂4

R

(Y − Xβ̂R)T (Y − Xβ̂R) − n

2σ̂2
R

= 0

⇔ σ̂2
R = 1

n
(Y − Xβ̂R)T (Y − Xβ̂R) ≡ 1

n
SSR(β̂R)
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∂L

∂β

∣∣∣∣
(σ̂2

R,β̂R,λ̂)
= 0

⇔ − 1
2σ̂2

R

(
2XT Xβ̂R − 2XT Y

)
− KT λ̂ = 0

⇔ XT Xβ̂R + σ̂2
RKT λ̂ = XT Y

⇔ β̂R + σ̂2
R

(
XT X

)−1
KT λ̂ = β̂

⇔ Kβ̂R + σ̂2
RK

(
XT X

)−1
KT λ̂ = Kβ̂

On the other hand,

∂L

∂λ

∣∣∣∣(σ̂2
R,β̂R,λ̂)

= 0

⇔ Kβ̂R = m
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From the last expression, we have

m + σ̂2
RK

(
XT X

)−1
KT λ̂ = Kβ̂

⇔λ̂ = 1
σ̂2

R

[
K

(
XT X

)−1
KT

]−1 (
Kβ̂ − m

)
Substituting for β̂R,

β̂R +
(
XT X

)−1
KT

[
K

(
XT X

)−1
KT

]−1 (
Kβ̂ − m

)
= β̂

⇔β̂R = β̂ −
(
XT X

)−1
KT

[
K

(
XT X

)−1
KT

]−1 (
Kβ̂ − m

)
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